Acoustic energy density has been shown to exhibit lower spatial variance in reactive sound fields compared to the acoustic potential energy estimate offered by microphones, making it a very useful measure of the acoustic energy within an enclosure. Previously, frequency-domain time-averaged energy density estimates have come about by estimating the pressure-average and particle velocity between two closely spaced microphones using either analog or digital electronics.
I. INTRODUCTION
Acoustic energy density is defined as the sum of the acoustic potential energy density and the acoustic kinetic energy density at a point. It has been shown [1] that energy density provides a significantly better estimate of the total acoustic energy within an enclosure than does the acoustic potential energy (estimated by microphones). Subsequently, several authors have found energy density to be an effective sensor for active noise control applications, as it measures the total energy at a point, and generally outperforms microphones [2] [3] [4] [5] [6] .
In the past, estimation of acoustic energy density has been made using one of two methods: time domain experiments or noise-free frequency domain simulations. The time domain method involves the use of additional electronics (either analog or digital) to calculate the pressure-average and the particle velocity between the two sensing elements.
The time-averaged energy density estimate can then be found by adding the weighted mean squared levels of the pressure and particle velocity. Alternatively, a frequency domain equivalent can be obtained by adding the weighted auto-spectral densities of both the pressure and particle velocity.
Estimation directly in the frequency domain has been limited to simulations where it has been assumed that the amplitudes of the pressure and particle velocity are known, which is clearly not the case in experimental measurements.
The purpose of this paper is to derive an expression for the time-averaged acoustic energy density estimate for the two-microphone method using a purely frequency domain expression suitable for experiments. The need for the additional hardware to estimate the particle velocity is then avoided.
Frequency domain expressions for estimates of potential energy density and kinetic energy density have previously been investigated [7] . However, errors have been found in these derivations.
The approach used here is similar to that used to derive the sound intensity estimate written in terms of the cross-correlation (and consequently the cross-spectral density) between the signals from two closely spaced microphones [8, 9] .
The resulting analytical expression is verified using a numerical simulation in the time domain.
II. ANALYTICAL DERIVATION
The instantaneous acoustic energy density, E D (t), at a point is defined as the sum of the acoustic potential energy density and the acoustic kinetic energy density at that point, given by the expression [10] 
where p(t) and v(t) are the instantaneous pressure and particle velocity magnitude, respectively, at that point, c is the speed of sound, and ρ is the mean density of the fluid.
The first term in the expression (1) is the acoustic potential energy density, U (t), and the second term is the acoustic kinetic energy density, T (t). Particle velocity is given by
Using the two-microphone measurement method with a microphone separation distance of 2h, pressure and particle velocity are approximated by
and
Therefore, the instantaneous acoustic energy density is approximated by
Elko [7] derives estimates for the double-sided potential energy density spectral density and the double-sided kinetic energy density spectral density in terms of the doublesided auto-spectral densities, S p 1 p 1 (ω), S p 2 p 2 (ω), and the double-sided cross-spectral density, S p 1 p 2 (ω), of the two microphone pressure signals, defined by [11] S xy (ω) = lim
in which E denotes the expected value over a number of samples, and X(ω, T ) is the finite Fourier transform of the time series x(t),
Elko obtains
These expressions are incorrect, as they have been based upon the definitions
For these definitions to be valid, p(t) and v(t) must be the complex pressure amplitude and complex velocity amplitude. However, Elko's derivation considers them to be real-valued.
The total time-averaged acoustic energy density is given by
Using Parseval's theorem [11] ,
Therefore, the double-sided time-averaged acoustic energy density spectral density is
From equations (3) and (4),
Therefore,
Since S p 2 p 1 (ω) = S p 1 p 2 (ω) , the double-sided time-averaged acoustic energy density spectral density estimate is given by
This expression can easily be transformed to produce a corresponding expression for the single-sided time-averaged acoustic energy density spectral density estimate in terms of single-sided spectral densities. This is more useful in practical terms as spectrum analysers generally calculate single-sided spectra. The single-sided time-averaged acoustic energy density spectral density estimate is given by
where [11] G xy (ω) = 2S xy (ω) = lim
for ω ≥ 0, and G xy (ω) is zero otherwise.
The correct expressions for the single-sided time-averaged potential energy density spectral density and the single-sided time-averaged kinetic energy density spectral density estimates are
It can be seen that the estimates (8) and (9) derived by Elko give half the correct values.
III. SIMULINK SIMULATION
Referring to Figure 1 , a Simulink model was created to validate the two-microphone method for measuring acoustic energy density. The model was used to obtain the timeaveraged acoustic energy density estimate both by directly calculating the pressure average and particle velocity, and also by using the derived expression (20).
The two microphone pressure signals were calculated by simulating two points in a free space pressure field generated by a white noise point source. The transfer function from a monopole point source to a sensor at distance r is
where c is the speed of sound. These transfer functions were implemented using a second order Padé approximation in series with a gain.
The instantaneous pressure and particle velocity were estimated using equations (3) and (4) (see Figure 2) . The velocity values were multiplied by ρc so that the two outputs were dimensionally consistent. They were sampled at 1000 Hz, and a frequency spectrum of each was obtained by performing a 512 point FFT (see Figure 2) . The potential and kinetic energy auto-spectral densities were calculated, then summed and scaled by the factor 1 2ρc 2 to produce the time-domain based acoustic energy density spectral density estimate (see Figure 2 ).
To compute an estimate directly in the frequency domain, a frequency spectrum of each of the microphone pressure readings was obtained by performing a 512 point FFT (see Figure 3) . The auto-and cross-spectral densities were then calculated, and equation (20) was applied to produce the frequency-domain based acoustic energy density spectral density estimate (see Figure 3) .
A comparison of the results is shown in Figure 4 . The acoustic energy density spectral densities obtained via each method of calculation correspond closely, verifying the derived expression (20).
IV. CONCLUSIONS
An expression for the time-averaged acoustic energy density estimate has been derived using the auto-and cross-spectral densities between two closely spaced microphones. It was validated numerically using a time domain simulation in Simulink. The expression gave identical results to the traditional method using the weighted sum of the squared pressure and particle velocity. 
